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INTRODUCTION
This report concerns the rotordynamics of the HPFTP (High Pressure Fuel Turbopump)
of the SSE (Space Shuttle Main Engine) , and is a sequel to several earlier studies of
this unit by the author [1], [2], [3]. The results of both linear (stability and
. synchronous response) and transient nonlinear analyses are reported. The same analysis
procedures are employed here as previously; however, the data defining the rotordynamio
model differs in the following two regards:
(a) The most-recent MSFC case structural dynamics model i.- employed.
(b) New dynamic coefficients were developed in the course of this study for the
HPFTP interstage seals [4], [5], and introduced into the rotordynardcs model.
A copy of refarence [5] is enclosed as part of this final report.
The objective of the analysis -reported herein was an examination of possible
problem in moving from RPL to FPL conditions, and a review of prior analysis results
with the apdated rotordynamics model as described above. The following questions are
examined by the analysis ompleted:
(a) What would be the influence on HPFTP rotordynamics of a change in inter-
stage seals from the presently employed "smooth-stepped" design to a
" r;mooth-straight" configuration?	 I
(b) How sensitive are stability and synchronous results to changes in bearing
stiftnesses and damping?
(c) What would be the influence on rotordynamic stability of a change from, the
present stiff symmetric bearing-carrier desigm to an asymmtric bearing-
carrier configuration?
THE F1PFTP FDMRDYW9C f+lJDEL
The rotordynami,c model used in this study basically resembles those employed by
the autnr [1], [2], [3] and other mtordynami.cs investigators of the SSNE turbopumps.
The data and parameters which are required to define a rotordynamics Ynrxlel can be
separated into those which are relatively well known and assumed fixed, and those
which are }mown only within limits, and are to be varied.
Specified Data
In the present analysis, the following parameters are assumed to be known and
fixes::
(a) rotor and
	
structural dynamic models,
(b) speed-dependent dynamic coefficients for seals,
(c) stiffness and damping coefficients for the balance piston,
(d) bring carrier sti.ffnesses,
(e) b;mririg dead-band clearances, and
(f) :imbalance magnitude and location.
In a recent study of the HPOTP (High Pressure oxygen Turbrpump), the bearing
dead-'band clearances could vary widely due to tolerance stackups,. This is not the
ease with the HPFTP which operates with much smaller clearances on the order of
0.25 x 10-3 inches. A 6 gmr-i:n imbalance magnitude, located between the turbine
wheels, was used to represent the effect of irregular coating loss on the turbine
blades. Appendix A provides the numbers used to def-ine the balance of the data.
The sources for the data are as follows: The rotor structural dynamic model was
developed by B. Rowan, Rocketdyne; while the case structural dynamic model was developed
by MSFC. As noted earlier, the seal coefficients were developed by therAwthor as
documented in [4], [5]. The remaining data coincide with those currently employed by
MSFC as provided by S. Winder in an annotated computer data listing.
Varied Data
The rani a1 radial stiffness model of the HPFTP bearings as a function of speed
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twas provided by S. Winder, and is based on A.B. Jones analysis results as modified
due to e.xpet-i.mental. data. Theme bear; sag sti.ffnesses seem to be reasonable in that
they yield the correct first critical"-speed location. However, the HPFTP bearings
are the same as the H OTP (High Pressure Oxygen Turbopump) preburner bearings, and
estimates of the KMOTP L7arings have vadried markedly. Hence, iyi this study, the
stiffness is varied by +"25% of rcminal.
Bearing damping is modeled by a linear, constant, damping coefficient with the
values C =0 , 20  lb sec/m.
A "customary" destabilizing mechanism acting on a rotor's turbines is the "Alford
aerodynamic cross-coupling" force [6] which is modeled by
Fx 0	 kT
	R	
BT
Fy I _ -kT 0	 Y	 DpH
"hears T is the turbine torque, Dp is the average pitch diameter of the turbine blades,
H is tip-  average height, and ^- is the "change of thermodyanmic efficiency per unit of
rotor displaca wort, expressed as a fraction of blade height." 1 he physica]. rationale
for there fords is based on an increase in blade efficiency with decasing tip
clearance. The parameter i is varied here from unity to three.
No attempt is made to model iq:)eller-diffuser forces similar to those calculated
by J. Cbldung-Jorgensen [7] for a plain volute configuration, and more recently for
the vaned diffuser of the HPOTP. No such calculations ha%;*e been made for the HPFTP
inpell.ers. Since these forces are assumed to be proportional to density, they will
clearly be smaller for the HPFTP than the HP0TP.
Based on earlier results with the HPOTP [8], the influence of drive and load
torques is not Licluded In the present study.
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Introduction
This section provider results based on Linear synchronous response and stability
calculation., employing the procedures outlined in reference [2]„ Ttte results
presented should be interpreted in light of the known nonlinear effects of bearing
clearances [9]. Spec .fi all.y, bearing cleamices have a softe-ni.ng effect in lower-
ing the apparent critical speed location, and :cruse a reduction in the peals magnitude
of rotor response at the nonlinear* critical speed, as opposed to the zero-
clearance linear critical speed. However, at running speeds below the nonlinear
critical speed., amplitudes are increased with increasing bearing clearances. Note
further in exmni ring the linear .resul.ts3 of this section that the axial balance-
piston coupling between the rotor and case is not included,. Ha4ever, this is included
in the transient ncdel., whose results are included in the xt 	 man-
Figure 1 illustrates the reference coordinate system. The Z axis of this
figure is seen to be aligned with the rzmixol axis of rotation for the HPFTP. As
explained in [2],  stability and syii&.mnous response calculations are based on
coupl€d rotor-case, wades, which are calculated frm separate case data (excluding
the HPFTP rotor) , free-free .rotor modal data, and linear bearing st^Ulftesses.
Separate Tmdes are calculated for both the X -Z and Y-Z planes.
O^aot. is Bear xc Carrier Depa n
Previous rotordynamics analysis of the HPF IT:'P suggest that stabil ity could be
mrkeal y improved by using an ort .tropic bearing carrier with orthogonal
stiffness4Ws of 1.75 X 10' and 5.0 X 10 5 lbs/in respectively. This configuration
requires bearing damping, and m ploys the original grooved interstage seal. design.
Listed below axe the orthotropic support and damping cases examined, together with
their onset sped of instability results.
*Peak-amplitude running speed.
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Figure 1. Loca l
 coordinate system for HPFTP analysis
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(a) %X==.75 X 10  1b/in, 11,Y=5.0 X .x.0 5 lb/in
Cs=5 lb sec/in:	 ws=26,110 rpm
Cs=20 lb sec/in:	 ws= 49 , 710 xi n
(b) KsX=5.0 X 10 5 lb/in, Ksy-1.75 X 10 5 lb/in
C$ 5 lb sec/in:	 ws=26,140 ri=
Cs 4:20 lb sec/in:	 w  =49,170 r7a
The damping support constant C s corresponds to a linear "dash-spot" in	 elall
with the supporrt stiffness.
These stability results are not as attractive as previous predictions for
ort?:=tz^ is bearing supports. Specifically, in prior w-m- l yses support orthotropy
caused the rotor to be stable relatively independent of support damping. With the
present relatively-soft structwral dynamic del, rotordynani.c stability is prnerily
acla ved by ,increased damping, and not by orthotropy. Note that stability results
are relatively indifferent to the aligment of the bearing orthotropy axes with
either the X-Z or Y-Z planes.
Figures 2 and 3 illustrate synchronous response results for CS 20 lb sec/in.
Bearing reactions are seen to be quite low for either ali.gnTent of the bearing
orthotropy anas. in these figures, and throughout this report, bearing numbers 1
through 4 refer, respectively, to the pump outboard, puma inboard, turbine inboard,
and Mine outboard bearings.
Conventional, a metric, Bearing-Carrier I iesa.
Table 1 summar-zes stability results for stepped and straight interstage seal
designs for a 25% variation in nominal bearing stiffness with the two support damn-
ing coeffic e°its, Cs=5, 20 lb sec/in. The entry aF'PL) denotes the percent of
critical damping at FPL, with w  continuing to denote the onset spe& of instability,.
The results presented are insensitive to changes in support damping. Except
for the soft 0.75 Kb / stepped-seal combination, the onset speed of instability
results are largely insensitim to changes in bearing stiffness or interstage seal
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seal
0.75 Y,^ : 	C =5 ws-741544 ;(FPL)=1.15%
Cs= 20 ws 75,000 ^ (Fn) =1.1.6%
1.0	 Kb 	 CS=S w s =54,733 ^ (FPL)=:Q.88%
CC"=20 s=54, 900 4 (PPL) ^ . 89%
1.25 Kb	 CS-5 we53,663 ^(FPL)=2.9%
C s =20 ws=54,597 ^(FM)=2.5%
Straictht Seal
0.75 Kb CS- =S 6=51,634 t(FPL)=l.S%
Ca =20 =51, 890s (FM) =1.5%
1.0	 Kb Cs=5 -52, 605s ^(FPL)=1.5%
C s=20 w =52,833s OFPL)=1.6%
1.25 K
b
C--5 w,=53,782
s
^(FPL)=1.6%
C--20
s
w =53,930 (.V?L)=1.6%
Table 1. Onset speed c)f instability
results for the symmetric bearing
carrier with stepped and straight seals
for 25% variation an bearing sti±fnesses.
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designs. The interstage seal design bec =es slightly more stable with reduced
bearing stiffness, while the converse situation holes for the straight seal design.
Figi1re 4 Mustrat%s the reduction in onset spetd of instability for the stepped
and interstage seal designs due to an increase in the Alford cross- coupling teen.
These results are for the nominal bearing stiffness coefficients C s=5 lb sec/in.
Note that take straight-seal design is better able to withstand increases in $
than thn stepped seal, although either design has a onfortable speed margin for
stability.
Figures 5 through 7 illustrate synchronous imbalance results for the stepped
interstage seal design for 0.75 Kb, 1.0 Kb , and 1.25 Kb bearing stiffness defini-
tions. These results are for 6 9-r-in imbalance between the turbine wheels, and
correspond to support cuing of "a-5 lb sec/an. The peak bearing loads are pre-
dicted for a critical speed. in tha vicinity of 32,000 rpm, and are moderately.
Leduced for the stiff bearing (1.25 Kb) design. The pump inboard bearing is
predicted to experience the largest load on the order of 2000 lbs. However, the
associated turbine accel. levels are predicted to be between 20 and 60 g's, which
is markedly higher than measured results for the HAP.
Figpares 8 through 10 provide the same results for the straight-seal configura-
tion as figures 5 through 7 provide for the stepped-seal.. The wearing reactions
loads are markedly reduced by the change in seals; however, the aocel.. levels are
not proportionately reduced, and continue to be predicted at much higher levels
than those which have been named. The straight interstage seal configuratior
is seen to be quite insensitive to bearing stiffness variations.
In examining the results of figures 5 through 10, recall that the bearing
clearance effect is not included. The bearing dead-bad will markedly reduce the
peak bearing loads. The following conclusions may be reached from an examination of
these figures:
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(a) The straight interstage seal configuration is preferratble to the stepped,
because it yields markedly smaller bearing loads.
(b) With the current case structural dynamics model, peak bearing' loads are
predicted at speeds around 32,000 rpm, which is below 'RPL. Hence, the
linear syrrhranous response results actually predict smaller loads at
FPL than RPL and lower speeds.
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TRANS11NP NONLINEAR ANALYSIS RESULTS
As noted in the introduction section, the principal concern in this study is
potential problems to be encountered in moving from RPL to FPL operating conditions.
The ana:iysis results reported in the preceding section address this concern via Linear
analysis procedures, vh-dle the results presented here consider the same question using
transient nonlinear analysis techniques. The essential physical nonlinearity in the
turbopump is the bearing "dead-band" clearance on the order of 0.25 X 10-3 inches.
Simulations were conducted for the rminal. 1.0 Kb bearing stiffnesses, zero
bearing damping, and straight and stepped-seal configurations. The results of a
uniform deceleration from steady-state initial conditions at FPL to RPL for the
stepped and straight configurations are illustrated in figures U and 12, respectively.
The stepped-seal configuration shows a sharp peak in the vicinity of 35,800 rpm with
high associated bearing loads on the order of 2000 to 24^ "0 lbs; however, the
associated pump and turbine accel. levels are not excessive, approaching 12 g's on
the pt-mp 90 accel. output. The results presented in figure 12 for the straight-seal-
coefficient simulation are much more encouraging. The critical in this case occurs
at approximately 37,200 rpm, with peak bearing loads on the order of 600 rpn.
Peak bearing loads for the stepp2d seal configuration were calculated for a
steady running speed of 35,808 rpm with the following results:
R1 = 2000 lbs	 R3 = 2300 lbs
R2 = 2200 lbs	 R4 = 2400 lbs
The associated pump and turbine accel. levels for this steady -state operating condi-
tions are:
G(Pump rad.) = 3 g's 	 G(Turbine 900) = 1.0 g's
G(Pump 900) =10 g's	 G (Turbine 1800) = 2.0 g's
G (Pump 1800) =10 9's
W
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Peak bearing loads for the straight-seal configuration were calculated at FPL
conditions with the following results:
R, = 400 lbs	 R3 500 lbs
R2 = 400 lbs	 R4 500 lbs
The associated pump and turbine accel. levels are:
G(Pump rad.) = 2.0 g's	 G(Turbine 900) = 1.2 g's
G( Pump 900) = 7.0 g's	 G(Turbine 1800)= 1.5 g's
G(Pump 1800) = 6.0 g's
The w7mstakeable conclusion to be reached Ircm these results is that predicted
bearing loads are markedly reduced for the straight seal as opposed to the stepped-
seal coefficients. The basic question which remains to be answered; however, is
"How good are the calculated seal coefficients?" To the extent that they are an
accurate measure of the seal's relative d^, c properties, the straight seal is
obviously to be preferred.
20
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X1=0
X2=0
X., = 632.72 Hz
X4 =1397.2 Hz
X5 = 2048.6 Hz
X6 =. 2622.7 Hz
X7 = 3155.4 Hz
X8 = 378q .7 Hz
Xcl _ 271.04 Hz
Xc2 = 370.11 Hz
Xc3 = 440.28 Hz
Xc4 = 500.54 Hz
Xc5 = 512.59 Hz
Xc6 = 561.79 Hz
Xc7 = 564.99 Hz
Ac8 = 609.84 Hz
ac9 = 706.10 Hz
Xc10- 730.64 Hz
APPENDIX A
INPUT DATA FOR THE HPFTP ROTORDYNAMICS MODEL
The fixed data used to define the rotordyiiwiics model are provided in this
appendix. Inch-lb--sec units are used throughout.
Rotor Eigenvalues
Vie rotor eigenvalues and eigenvectors used here are based on a structural-
dynariti.c model by B. Rowan. The free-free eigenvalues used are listed below:
Case Eigenvalues and Damping Factors
The case eigenvalues and ei.genvectors are based on the most recent MSFC
structural dynamic model. The eigenvalues used in this study are:
One-half percent of critical damping was used for all modes. These are the same
modes used in the MSFC tra zient model.
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Seal bvnamic Coefficients
The only seals of importance to the rotordynamic response of the HPFTP
are the interstage seals. The coefficients for these seals are provided in
Table 2(a) and Table 2(b).
FPL RPL MPL
K	 5.003 X 105 4.3981 X 10 5 2.4242 X 105
k	 0.8187 X 105 0.7986 X 105 0.3275 X 105
C	 102.3 94.2 64.8
C	 13.34 13.10 7.562
M	 6.242 X 10-3 6.033 X 10^3 5.144 X 10-3
Table 2(a). Dynamic seal coefficients for straight smooth seals.
K 1.247 X 105 1.098 X 105
k 1.377 X 104 1.191 X 104
C 20.49 18.91
c 1.317 1.194
M 5.374 x lo7 4 5.197 X 10-4
MPL
0.6044 X 105
0.5458 X 104
12.99
0.688
4.939 X 10-4
FPL
	
RPL
Table 2(b). Dynamic seal coefficients for smooth stepped seals.
Balance-Piston Stiffness and Dynamic Coefficients
The balance piston stiffness and damping coefficients are:
KZ = 2.6 X 1.06 , CZ = 450.1
Hearing & Bearing Carrier Stiffness
The same bearing stiffness is used for all bearings, and is interpolated from
the following data:
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Speed	 Zero	 MPL	 RPL	 FPL
Kb	1.38X106
	
0.705X10 6 0.654X106 0.648X106
The bearing support stiffness used is:
Ks = 2.65 X 106 lb/in.
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DYNAMIC ANALYSIS. OF 'TURBULENT ANNULAR SEALS
BASED ON HIRS' LUBRICATION EQUATION*
D. W. Childs
Mechanical Engineering Department
Speed Scientific School
The University of Louisville
Louisville ,  KY 40208
Expressions are derived which define dynamic coefficients for
high-pressure annular seals typical of neck-ring and interstage
seals employed in multi-stage centrifugal pumps. Completely
developed turbulent flow is assumed in both the circumferential
and axial directions, and is modeled in this analysis by Hirs'
turbulent lubrication equations. Linear zeroth and first-order
"short-bearing" perturbation solutions are developed by an expan-
sion in the eccentricity ratio. The influence of inlet swirl is
accounted for in the development of the circumferential flow field.
Comparisons are made between the stiffness, damping, and inertia
coefficients derived herein based on Hirs' model and previously
published results based on other models. Finally, numerical
results are presented for interstage seals in the Space Shuttle
Main Engine High Pressure Fuel Turbopump.
*This work was supported in part by NASA Grant NAS8-31233 from the
George C. Marshall Space Flight Center and NASA Grant NSG 3200
Lewis Research Center.
Nomenclature
a Dimensionless coefficient defined in
Eq.	 (11)
b Dimensionless coefficient defined in
Eq.	 (7)
B Dimensionless coefficient defined by
Eq.	 (20)
C,c Dimensionless seal damping coefficients
defined by Eq. (28)
C Nominal seal radial clearance (L)
E Dimensionless coefficient defined by
Eq.	 (29)
h Seal radial clearance (L)
hl	First order perturbation in h (L)
k"k	 Dimensionless Seal stiffness coefficients
defined by Eq. (28)
L	 Seal length (L)
m0 = 0.066, n0 = -0.25	 Coefficients for Hirs' turbulence equations
p	 Fluid pressure (F/L2)
Pi	 Supply pressure at entrance (F/L2)
PO/Pi
	
Zeroth and first-order pressure
perturbation (F/L2)
Ap = (1+^+2a)pV 2 /2	 Nominal pressure drop across seal (F/L2)
R	 Seal radius (L)
RC = p(Rw)h/u
	
Circumferential local Reynolds number
R  = pVh/u	 Axial local Reynolds number
RCO = p(Rw)C/p	 Nominal circumferential Reynolds number
Rao = PVC/}1	 Nominal axial Reynolds number
U = Rw	 (L/T)
u z ,u e
	Axial and tangential fluid velocity
components (L/T)
U  = u Z/Rw, U e = u e /Rw Dimensionless velocity components
Uzo ,U 60 Zeroth order perturbations in Uz,Ue
Uzl,Uel First order perturbations in Uz,L'e
v Dimensionless inlet swirl defined as
the solution to Eq.
	
(10)
v 0 initial (Z=0)	 swirl
V Nominal axial velocity (L/T)
z,Re Seal coordinates illustrated in
figure 2	 (L)
Z = z/L Dimensionless axial seal position
X,Y Radial seal, displacements 	 (L)
S Dimensionless coefficient defined by
Eq.	 (11)
C Eccentricity ratio introduced in Eq.
	
(1)
Inlet pressure-loss coefficient
P Fluid density	 (ML `z)
a Friction loss coefficient defined in
Eq.	 (11)
a = aL/C
T = t/T Dimensionless time
W Shaft angular velocity ( T-1)
ii
Introduction
In a series of publications, Black and Jenssen [1,2,3,41 have
explained the influence of seal forces on the rotordynami.c behavior
of pumps. Figure 1 illustrates the two seal types which have the
potential for developing significant rotor forces. The neck or
wear-ring seals are provided to reduce the back leakage flow along
the front surface of the impeller face, while the interstage seal
i
reduces the leakage from un impeller inlet back along the shaft to
the back side of the preceding impeller. Black and Jenssen's work
dealt primarily with boiler-feed pumps handling water. However,
seals may 'have a significant influence on rotordynamic behavior of
any multi-stage p'Ymp, e_r.; reference [51 discusses the crucial
dependence of the dynamic response of a hydrogen turbopump on its
interstage seal design.
Black and Jenssen are responsible for the initial analytical
development of dynamic stiffness and damping coefficients for high-
pressure annular seals. Their coefficients are valid for small
motion of the seal journal about a centered position relative to
its bearing. A bulk-flow analysis is employed, with the circum-
ferential bulk-flow velocity assumed to be fully developed shear
flow at 2W . The axial-flow momentum equation agrees with Yamada's
[5] friction-loss results for rotating concentric cylinders,which
defines the axial friction factor as a function of the axial and
radial Reynolds numbez::. In [4], Black and Jenssen define the
friction factor as a function of the local axial and radial Reynolds
numbers.
Wh i le Black and Jenssen's results apply only for shall seal
motion about a centered position, Allaire et al. [7] use Black's
model to numerically calculate dynamic coefficients at large
eccentricities. Further, while Black and Jenssen define seal
^oeff icients in a half-speed rotating reference system,and employ
a coordinate transformation to achieve stationary-reference results,
Allaire et al. perform all calculations in a stationary reference
frame.
In an as yet unpublished result [8], Black has combined his
prior seal-analysis governing equations with equations previously
derived [9] for the analysis of, "Journal-bearings with high axial-
flow in the turbulent regime," to examine the development of cir-
cumferential flow in a centered seal as a function of axial seal
position. His results demonstrate that the bulk circumferential
velocity of a fluid element asymptotically approaches 2W as it
proceeds axially along the seal. The rate at which it approaches
this limiting velocity depends on the amplitude of the axial and
radial Reynolds numbers. Predictions of the stiffness cross-
coupling term are generally reduced if the development of circum-
ferential flow is accounted for in the analysis for stiffness and
damping.
One of the problems involved in using and/or understanding
Black and Jenssen's results is -that various ad hoc governing equa-
tions are developed and used to obtain separate results. Further,
the governing equations do not generally reduce to recognizable
turbulent lubrication equations. Allaire and Lin [10] have
partially remedied this deficiency by performing a numerical
analysis for short seals based on Hirs'[11],[12] turbulent lubrica-
tion theory. However, they have retained Black's initial assump-
tion of a one half speed circumferential velocity.
The present analysis also begins with Hirs' governing equa-
tion, but has the objective of developing analytical expressions
for the seal dynamic coefficients incorporating all of Black and
Jenssen's various developments. The development is based on a
perturbation analysis of Hirs' equations in the eccentricity
ratio e, and yields results for a centered zero-eccentricity
position.
S
Governing Equations
Figure 2 illustrates the seal geometry. Hirs' governing
equations are provided in Appendix A and are thoroughly discussed
in references (11} and (121. We propose to expa4iu these equations
in terms of the perturbation variables
U z = U
z0 + E:Uzl ' h = C + eh1 (1)
U8 = U80 + eU8l , P = P O
 + sp1
to obtain a "short bearing" solution. The short-bearing aspect
of the solution is obtained by setting 88 = 0 in Eq. (A.2). Sub-
stitution of the above variables into the governing equations
(A_1) through (A_3) yields the follow ing zeroth-order axial
-C 2 8p 0 _ n0	 I+m	 1+m0	 1+m0
C P - 2 RCO ^ UzO (U 280 + 
U 2z0^ + 
Uz0 (U - 1)2 + U z0 2 ] 280 	 }
(2)
and circumferential momentum equations
1+m 0
noCU zO 
as 80 + 2 RCOm0 {U80 ( U 802 + Uz02 ) 
2 
1+m0	 (3)
+ ( U 80 - 1) [ (U 80 - 1) 2 + U zO2 ) J 2 } = 0
The zeroth-order continuity equation is trivially satisfied.
The corresponding first-order axial momentum equation is
	
2 8p	 2Ch 8p	 n	 l+m 	 1+m0
P 	 az	 uUl oz + 2 (1+m0)RCO	
0 (Li )
 UzO	 80	 z0{ (U2 + U 2 ) 2
1+m0
+ [( U80 - 1) 2 + U z0 2 ) 2 }
1+m0	 1+m0+ 2 RC01+mOUz1{ (Ue
O I
 + Uz02) 2 + (U 80 -1) , + Uz02) 2 }
n	 1+m
	
MO-1
	
+ 0RCO	 OUz0 ( 1+mO ){( Uep
2 
+ Uz02) 2 (U@OUaI + UzOUzI)
MO-1
+ 
((U@0
	
1)` + U zp 2 ] 2 (U eou el + Uz0Uz1	 U81)^
au	 aU	 aU
+ RCO {U — a—t—l + U@0 ^R ) ael + CUzO a z1} 	 (4)
while the first-order circumferential-momentum equation is
l+mp
	 1+mp
no0 - 2 RCOm0 U@1{ (Ue02 + UzO2) 2 + ( (U80 	1) 2 + U z0 2 ] 2
1+mp
+ 2 m0 RCpmp (^){U 80 (U 80 2 + Uz02)
2
1+mp
+ (U60 — 1) [ (Ueo — 1) 2 + UZ 021 z }
MO-1
+ 2 RCOm0(I+mp){U 60 (U00 2 + Uzo2) 2 (U80U81 + UzOUzI)
MO-1
+ (U80 - 1)1(U eo - 1)2 + U z0 2] 2 (U00U@1 + UzoUzl - U81)}
C aU el	 C aUel	 luel	 80	 Due 
+ U a t + U80(R) H + CUz0 az + hl U aUzo az + CU yl az
(s)
and the first-order continuity equation is
au	 U	 ah	 h aU	 au	 ah 1z1	 eo	 1	 1	 @o	 C	 el	 1
C az + R a  + R a8 + R a  + U ^t - 0	 (6)
Zeroth-Order Perturbati on Solutions
We begin the solution of the equations by introducing the
variables
R
U@0 =	 + v	 Z = z/L r Uzo	 V - ao = b	 (7) CO
into the zeroth-order circumferential momentum Eq. (3) to obtain
1+m0	 1+m0
dZ + Bl[ (v + 2) (4 + v + v 2 + b 2 ) 2 _ + (v - 2) (4 - v + v 2 + b2) 2 l = 0
(8)
__ no L	 mo
B1 2b ( C ) RC0
The variable v defines the "swirl" of the circumferential flow in
the sense that v(Z) = 0 implies that shear flow is uniformly
established throughout the seal, i.e., u 80 (Z) = UU00 = RW. Eq.
(8) defines the development of circumferential velocity as a fluid
element proceeds axially along the seal. It has the steady-state
solution v = 0.
For small v, the linearized version of Eq. (8) is
dz + av = 0	 (10)
where
a = a [1 + S (1+m 0 ) l , ^ = 1+4b 2 - (L') 2 / [ 1 + (2V) 2]
M 1+m0
Cr = ^'	 ,	 a = n ORaO 0 [1 + 4b 2 ] 2	 (11)
By comparison, Black [8] obtains the following definition
1+m0	 1
a = a[l + ^*( 2
	 1+( 
)2 	 m0 = -0.25	 (12)
7 b )
The parameters ^ and $* are different because Black retains
Yamada's 1;7 power law velocity distribution, while Hirs does not.
(9)
However, the two parameters coincide at b = 0 and -, and are not
markedly different over the complete range of b. The factor of
l+m
two difference between $ (1+m 0 ) and $*( 2 0 ) follows from differ-
ences between Hirs' and Black's governing equations.
As things turn out, the solution to the linearized Eq. (10)
v = v o e
-aZ	 (13)
is a very good approximation to the decidedly nonlinear Eq. (9),
particularly for small magnitudes of vol the initial swirl.
Figure 3 illustrates the maximum percentage error in v for v0 = -0.5
and L/C = 100 (L/D = 1/2, C/R = 0.01) as a function of b for
Rao = 3000 and R.aO - 200;000: The worst erro
and was determined by numerically integrating
paring the result to the approximate solution
percentage error crops sharply as v 0 is .moved
zero. Figures 4 illustrates both a and e a as
occurs at Z = 1
Eq. ( 9) , and com-
of Eq. (13). The
from -0.5 towards
a function of b
for Rao = 3000 and Rao = 200,000, and demonstrate that initial
swirl will generally persist throughout the seal length. These
results confirm Black's finding [8] that the 1/2 angular velocity
assumption for circumferential flow throughout the seal is question-
able in high axial flow seals if the inlet circumferential velocity
differs substantially from the assumed 1/2 speed condition. in
practical terms, neck-ring seals on pump impellers would normally
have an imposed inlet circumferential velocity close to Rw/2,
while interstage seals that are downstream of diffusers would have
near-zero inlet circumferential velocities.
Returning to the zeroth-order axial momentum Eq. (2), and
substituting from Eq. (7) for U 00 yields
aazO = -Pa V 2 (1 + v 2 s(m0+1)[1 + 2Q (m0 - 1)] + ...	 (14)
Eq. (14) defines the nominal pressure gradient between two con-
centric rotating cylinders and should be comparable to Yamada's
experimental result. In fact, Hirs [11] makes a comparison to
Yamada's experimental results assuming U eo = 1/2 (v0
 = 0). Hirs'
parameters are n 0
 = .066, ni0 = -0.25 as compared to Yamada's
values of n 0 = .065, m 0 = -0.24. Analysis of Yamada's experi-
mental apparatus and results indicate that the v 2 terms in Eq.
(13) would yield a decrease in calculated values of 
a0 of approxi-
mately 2% at Rao = 10,000; RCO = 20,000. For this Reynolds number
set, Hirs' definition for a 0 * is approximately 20% too high. Henke,
including v makes a small, but largely insignificant improvement
in the correlation. Given that a 0 is strongly dependent on Rao
and relatively independent of R HO , these results are not surprising.
First-Order Perturbation Solutions
In the preceding analysis of the zeroth-order perturbation
equations, terms of carder v 2
 and higher were shown to be negligible.
If terms of this order are also neglected in the first-order axial-
momentum Eq. (4), the result may be stated
aZ/' (PC V 2 ) _( 1-MO) ( mil ) - b [ 1 + f b 2 (1+m0)1U Z1
R(1+mO )[,1 - 0(1-m ]vOe-az U 81	 (15)4
au	 au	 au
cyb [ 2T1 + w T (2 + v0e-az) ae i + azl]
where
T = t
	
T - L
	
=T	 v , w'r	 )^ ( R)
Similarly, the circumferential-momentum Eq. (5) reduces to
_ n
0 = aU01 - a (1-m0 ) (e) 
v0 e— - i3 (1 - 4b
2
 A) vOe-aZ Uzl
+ a ael + wT (2 + v0e-az) a a6 1 + p
where
A = 8 (1+m 0 ) [1 - S (1-m 0 ) )/ [1 + S ( 1+m 0 ) )
Finally, the continuity Eq. (b) is stated
0 - 
aaZ + fL) f1 + v e-az ) a ( h l ) + (^') a U8 1 + b a (hl)	 (17)
a z 	 R 2	 o	 ae c`
	
R	 as	 D T c
ILIs axial-momentum Eq. (15) is similar to those developed by
.Black and Jenssen [1-4,8); however, the term U Zl/b which appears
in the second produce on the right-hand side is 2U z1/b in the above
references. This discrepancy follows directly from differences
between the governing equations of Hirs and Black.
Preceding analyses for seal stiffness and damping coefficients
[1-4,8,10) have generally* neglected the first-order perturbation
in the circumferential momentum, which eliminates U 8l as a variable,
*Black and Jensen [3) complete an approximate numerical solution
including a small perturbation about a Ue = Rw assumed circum-
ferential velocity.
	
2
1,
(15)
and permits integration of Eq. (17) for U z1 , which may then be
ap
substituted into Eq. (15) to define az
	
Eq. (15) is then
integrated to define pl , which is in turn integrated to determine
seal reaction forces and stiffness and damping coefficients. In
the present circumstances, one would prefer to solve the linear
variable-coefficient Eqs. (16i and (17) for both Uel and Uzl'
substitute them into Eq. (15), and proceed to solve for p l , etc.
Unfortunately, efforts to ana lytically accomplish this preferred
-:,urse of action have as yet been unsuccessful. A numerical
solution comparable to that employed by Black and Jenssen (3] or
a finite-difference procedure is apparently required to account
for U e1 . In the analysis which follows, U 6 is dropped and
Black's initial analysis procedure followed. The general good
agreement between Black's experimental and theoretical results
certainly support this approach.
With Uel eliminated, Eq. (17) is integrated to obtain
v 
	
h'
U zi	 U z10 - (R) [2 + a (1 - e-aZ ) ] ae (hl)  .. bZ ( C )	 ( 18)
where the prime denotes differentiation with respect to T, and
UZ10	 Uzl(0,6,,T)
Hence
DU 
Z1- - ( L) ( 1 + v e-aZ )
 a (hl) - b (hl)
aZ	 R 2	 0	 98 C	 C
r	 haU zl
 _ au Z10_ (L) [ Z + 
^ 
^ (l - e-aZ)^ 2.( Z) - bZ
ae	 ae	 R 2	 a	 a8	 C
au Z1_ DU Z10— (R) [2 + 2 (1 - e_az) ^^( h^ ) - M
a
Substituting these results into Eq. (15) yields
h
- 1 /p6 V2 = (1-m 0 ) (C )
v	 h
	
b luZ10	 (ii) [2 + a (1 - e
-
aZ) ae ( C
	h 	 h'
+ 11 [wT (2 +v0e-aZ) ^ ( C) + (C) l
CY
	
au	 V
	wT 1	 -aZ aU z10	 I. Z	 V(
h'
bZ ae( c)}
where
B = 1 + bzR(1+m0)
Integration of this equation yields
p (Z,e,T)	 p (01e,T)
1 paV	 1 c	 + Z (W1 
- W 2 ) + Z2W3
VO+ 
a 
(wT) (G - a ) (1	e-' Z)ae (c1)
+ as (wT) (a- 2)( 1 - e-aZ) a ( Cam)
(20)
0(wT) (1 - e-' Z) a Z1 0
aba
r
a^ 
(wT' , Ze-aZ [ 2	
^9 (hl) 
+ a9 ( ^) ]	 ( 21)
where
r
Wl 	(1-m0) ( l^) + 1^— ( C1 ) + WT [B a0 + 2a ] g (Li)	 (22)
2
+ 2a (wT);( C1 ) + v a ( wT ) ` 382 ( El)
B	 1 r	 wT	
au Z10
W2 - b UZ10 + ^ UZ10 + 2.ba	 3 e
	
 h'	 h'
W3 = 4 (wT)6	 ("Cl)  + B ( c ) + 2a ae ( C )
h"	 h
+ 2a ( C ) + (8a)2 ^(^)
The boundary conditions to be satisfied by the pressure are
Pi - P(O,e,T) = 2 uz(0,e, ,r) (1+^), p(L,6,T) = 0	 (23)
These equations yield the following perturbation- vari.,able boundary
conditions at the seal inlet and exit, respectively
pi(O,e,T)- 
-(1+U UZ10p a,V 2	 °-	 ba	 r	 P 1 (L,e,T) = 0	 (24)
Substituting from the first of Eq. (24) into Eq. (21), and evaluat-
ing the resultant pressure definition at Z = 1 yields the follow-
ing definition for UZ10
Iv	 oU	 ( 1+) Uz10 __wT
ba a (1 - e-a) + 2 ] ae 0 + ba U z10 + ^B+	 a ] b .
h
Wl + W3
 + a ( wT)(a - a ) (1 - e-a ) 6 (^ )
+ as (wT) [ (a - 2) - (a + 2) e-a] 36 (mil)
v0e-a
z
ea6 (w T)2 
ab6 2 (^ )
Time is not explicitly present on the right-hand side of this
equation; hence, the partial derivative U
z10 9 (U z10) may
arbitrarily be set to zero, which leaves a first order linear
equation of the form
dU
z10	 _
de + D Uz10
with the solution
- De
Uz10	 Uz10(6 = 0)e C + D
The requirement of continuity, Uz10 (e)	 Uz10(6 + 27), implies
Uzlo(e = 0) = 0, and yields the final solution
U z10 - a{W1 + W3 + a0 (wT) ( a - a ) (1 - e-a) ae ( c )
	
(26)
+ b2 (wT) L ( a -2 ) - (a + 2 ) e-a]	 2 (hl)
-a	 2 h
v00aa (wT) 2 a 2 ( C ) }
(25)
where
a = ba/(1+^ + Ba)
Substitution for UZ10 and p 1 (O,e,T) into Eq. (21) completes the
definition for pl(Z,e,T).
Seal Dynamic Coefficients
The components of the reaction forces acting on the seal
journal are defined by the integrals
2 Tr	 1	 2-a
F
X -
=	
0	 0	 0
-RL I 	 J p core dZde = -sRL I p
1
 cosede
( 2'7 )
2 Tr	 1	 27r
F
Y 	 0	 0	 0
= -RL J
	 J p sine dZde = -sRL I pl sinede
where
1
pl - 
0 
J pldZ
is the force per unit circumference defined by
a (e)op _ - ^( 1^ ) -  
6 ( h
l mi) - 2( mil ) - c ae ( mil ) - m( Cam')
Further,
__
	
2a 2 	 (WT ) 2 1 1	 2^0	 1	 -a	 1 1 -a
_ (1+E+2a) (E(1-m0)- 4a {2(6 + E) + a l(E+a2) (1 -e )-(2 a )e ] }}
	
_ (1+^+2a) {a +	 (6 +E ) + 2v
a0 {EB + (C - a)[ 	 ( 1-e-a ) (E+l a) -1] }}
C;(^+-E)
- 1+g+2cr C c + 2 (6 + E) ] r m	
(14.6
+2cs) 	 (28)
= 2a (WT) {1( + E) + 
v0
t Ea 	 + (1 1') (E+1-1) + -1-(1+4+2F) 2 6
	
a 2	 a 2	 a 2	 a°
-a C(2 E) (2 a) + 2a ( 1+ae	 )]}}
and
E = (1 +x)/2(1 + ^ + BU)	 (29)
The clearance h is defined in terms of the components of the
seal journal displacement vector by
h = C-XcosO - Ysine
Hence
EC1 =-( 2i )
  cos8 - ( C ) sine
h
E a8 (^) = (X) sine - (1) cos8
h
etc., for the remaining derivatives. Substituting for ( C ) and
its derivatives into Eq. (27) yields the following definitions
for the force components
F 	 X	 ^ c X	 m
•	 - ^tR^P	
X _
	 + T
	 + Tz
-k
	Y	 -c C Y	 0
0	 1 h	 (30)
m ^Y
If v0 = 0, these equations may be stated in t yie following format
comparable to Black and Jenssen j31
	
FX
	
1J0 - P2 (WT) 2 /4	 111 (WT) /4 ^x l	 ul	 u 2wT^ X
	
FRQP FY	
-P1 (WT) /4	
u0 - 112 (WT) ` /4, C Y	 _)12 WT	 u l J (Y
^u,,	 0	 X
+ T 2	 (31)
0 u 2	 Y
where
2cs 2 E(1—m 0 )	 c(6E)
u 0 	 1+g+2Q -	 u2 — 1+^+20
(32)
Figures 5 .illustrates both these functions and the comparable
functions u 0*, ul, u2 from Black and Jenssen [3]. The functions
u 0 ,
 
il l are quite comparable to u*, ui, but are less sensitive
to changes in b. For b = 0,u 0 and u* coincide and the differences
between u l and v* are minimum (with respect to b ) . Although the functions
u2 and u2 differ significantly in magnitude, particularly for small values of
v, these parameters generally have a minimal influence on rotordynamic
response. The fact thatu 2 is larger than u2 implies simply that a Hirs-
based model predicts larger "added-mass" values than those predicted by
Black and Jenssen.
W"
Numerical Results
As noted earlier, experience (5) has demonstrated that inter-
stage seal characteristics are crucial to the rotordynamic stability
of the SSME (Space Shuttle Main Engine) HPFTP (High Pressure Fuel
Turbopump). The present interstage seal configuration has three
annular segments at different diameters separated by two seeps.
A proposed alternative configuration eliminates the steps to yield
a single-segment seal with the following nominal dimensions
D = 7.58 x 10` 2 , L = 0.432 x 10 -2 , C = 1.397 x 10-4
The nominal operating points of the turbopump are FPL (Full Power
Level), RPL (Rated Power. Level) and MPL (Minimum Power Level) with
the following speeds, density, viscosity, and AP conditions:
w ( RPM)	 p	 u	 AP
FPL
	
37,360
	
70.28	 1.160 x 10-5
	1.492 x 10'
RPL	 35,020	 68.0	 1.086 x 10-6	1.314 x 107
MPL	 23,720
	
58.0
	 0.759 x 10-5	7.260 x 106
Table 1 contains the seal dynamic coefficients corresponding to
these conditions for v C	0 and v0 = -0.5. Inlet swirl causes a
sharp drop in the cross-coupled stiffness and damping coefficients
k and c, and a slight increase in the direct stiffness coefficient
K, with C and m unchanged. Stability predictions for the HPFTP
would obviously be substantially improved if the coefficients of
Table l(a)-are employed rather than those of Table 1(b), because
of the markedly smaller values of cross-coupling coefficient k.
MPL
0.5638 x 108
0.7278 x 107
14,390.
1,418.
0.9674
RP L
1.0229 x 108
1.5751 x 107
20,950.
2,457.
1,135
FPL
1.636 x 108
1.820 x 107
22,730.
2,711.
1.174
K
k
C
c
m
Table 1(a). RPFTP dynamic coefficients for
v0 = -0.5.
K
k
C
c
m
MPL
0.54573 x 108
1.7875 x 107
14.390.
2,403.
0.9674
RP L
0.9769 x 108
3.8417 x 107
20,950.
4,161.
1.135
FPL
1.1093 x 108
4.4455 x 107
22,730.
4,590.
1.174
Table 1(b). HPFTP dynamic coefficients for
v0 = 0.
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Appendix A: Hirs Turbulent Lubrication Equations
Hirs'turbulent lubrication equations [11],[12] is a bulk-flow
theory which does not explicitly make any assumptions concerning
either (a) local flow velocity due to turbulence, or (b) the
shape of average flow-velocity profiles. Only the bulk-flow
relative to a surface or wall and the corresponding shear stress
at that surface or wall are considered or correlated. Hirs'axial
and circumferential momentum equations can be stated, res;-)ectively,
as
1+m0	 1+m0
-h2
 ap - n0 R 1+m0{U (U 2 + U 2) 2 + U,-[(U - 1) 2 + U 21--T—)
uU 8z	 2 C
	 z e	 z	 z e	 z
h au Z
	hu e DU 	 @Uz	 (A.1)
+ RC { U at + R ae + hUz 8z }
	
1+m0	 1+m0
-h 2 1 8p _ no R 1+m0{U (U 2 + U 2 ) 2 + (U - 1) C (U - 1) 2 + U 2]^—}11 5 R 38 —	 a	 z
8U	 hU 8U	 8U
+ RC {U -^ + R8 86 + huz az	 }	 (A.2)
with the bulk-flow momentum equation
h
DU
 8zz + R ae (hiJ6) + Rw Rt
	
0	 (A.3)
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